We introduce a new type of models for two-component systems in one dimension subject to exact solutions by Bethe ansatz, where the interspecies interactions are tunable via Feshbach resonant interactions. The applicability of Bethe ansatz is obtained by fine-tuning the resonant energies, and the resulting systems can be described by introducing intraspecies repulsive and interspecies attractive couplings c1 and c2. This kind of systems admits two types of interesting solutions: In the regime with c1 > c2, the ground state is a Fermi sea of two-strings, where the Fermi momentum Q is constrained to be smaller than a certain value Q * , and it provides an ideal scenario to realize BCS-BEC crossover (from weakly attractive atoms to weakly repulsive molecules) in one dimension; In the opposite regime with c1 < c2, the ground state is a single bright soliton even for fermionic atoms, which reveals itself as an embedded string solution.
I. INTRODUCTION
The tremendous advances in the experimental realization of interacting quantum systems using cold atoms have recently pushed further our understanding of manybody physics beyond the simple mean-field level, which reignited the interest in low dimensional exactly solvable models. The prototype of this kind is the famous LiebLiniger model [1, 2] , which is now accessible to experimentalists [3] [4] [5] [6] .
As an extension of the one-component Lieb-Liniger type system, multicomponent systems host even richer many-body physics. Such systems have been realized experimentally using different hyperfine states of cold atoms, which provide us with the desired pseudospin degrees of freedom [7] [8] [9] [10] . The intra-and inter-species interactions can then be tuned via the Feshbach resonances [11, 12] or external potentials confining the system in one dimension [13, 14] . On the theoretical side, the study of exactly solvable models for multicomponent systems begins with spin 1/2 fermions, which is now known as the Yang-Gaudin model [15] [16] [17] . Sutherland [18] and Schlottmann [19, 20] then made the generalization to arbitrary spins. The bosonic counterpart was also studied by various groups [21, 22] .
In spite of extensive studies of two-component exactly solvable models in the literature, they are all limited to the case where intra-and inter-species interactions are both repulsive or attractive. This is probably due to the non-integrability of models of simple δ-contact interactions with two different coupling constants. Here we propose a new type of models for two-component systems with tunable interspecies interactions, which is subject to exact solutions by Bethe ansatz. It is of relevance not only to experimentally accessible systems such as bosonic * Electronic address: tr2401@columbia.edu † Electronic address: aleiner@phys.columbia.edu 87 Rb quantum gases but also to fundamental theoretical problems such as BCS-BEC crossover, since, unlike the Yang-Gaudin model, it connects regimes of weakly attractive atoms to weakly repulsive molecules. Besides, it presents exotic many-body physics of which in one case the solution is a Fermi sea of two-strings. The remarkable feature is that the Fermi momentum Q characterizing this sea is limited by the value Q * , as the increase of the mass density at fixed interaction is accommodated by the growing density of states of two-strings. A similar phenomenon was noticed by Gurarie [23] for a single component model with Feshbach resonance, where the system becomes unstable for small or large interactions. In the other case, an embedded string solution emerges, which means that the uniform system is unstable and it collapses into a bright soliton. This collapsing instability happens for fermionic atoms, which is contrary to the intuition that fermions won't collapse due to the Pauli exclusion principle.
The remainder of this paper is organized as follows: In Sec. II we present the models and discuss their integrability, then their exact solutions are worked out via the quantum inverse scattering method [24, 25] . Both bosonic and fermionic cases are considered and we will discover two different regimes, depending on the competition between inter-and intra-species couplings. In Sec. III we discuss the uniform regime with repulsion overcoming attraction, where the ground state properties and low energy excitations are derived. We also analyze the system with an external magnetic field in this regime, where a considerable portion of the phase diagram is occupied by the Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) state [26, 27] and a lower critical magnetic field is found even for large densities. In Sec. IV we turn to the other regime where the ground state is a bright soliton. Finally, in the concluding section, we summarize the results and discuss possible experimental realizations and extensions.
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II. MODELS AND THEIR INTEGRABILITY

A. Models
Firstly, we review two famous examples of integrable models, which are relevant in our subsequent discussion of BCS-BEC crossover in one dimension. One of them, the prototype for spin 1/2 fermions, is the Yang-Gaudin model [15] [16] [17] defined by the Hamiltonian: We also adopt the convention that = 1 in this paper. It is well known that the ground state configuration of this attractive Yang-Gaudin model is a Fermi sea of singlet bound pairs, where the effective interaction between these bound pairs is still characterized by the attractive coupling c F . In the limit c F → 0, the Yang-Gaudin model describes weakly bound pairs within BCS mechanism, while in the limit c F → ∞, it describes hardcore bosons instead of weakly interacting bosons. The second example of integrable models, the prototype for spinless bosons, is the Lieb-Liniger model [1, 2] defined by the Hamiltonian:
2) whereφ represents the spinless bosons with mass m B = 1/2, and we have the opposite choice that c B > 0 corresponds to repulsion between particles, contrary to the Yang-Gaudin model. Now there is an interesting connection between the Yang-Gaudin model and the LiebLiniger model -If we identify the spinless boson as the singlet bound state of two fermions (accordingly we need to impose the mass relation such that m B = 2m F ), then the Yang-Gaudin model and the Lieb-Liniger model can be formally connected by just a change of sign of the coupling constant c. This seemingly artificial construction was proposed to be an exactly solvable model for BCS-BEC crossover in one dimension, where the connection between the two models is realized by geometric resonances [28, 29] . The Lieb-Liniger model is necessarily needed for the BEC side, because the strong coupling limit of the Yang-Gaudin model is a gas of hardcore bosons (which is also known as the fermionic super Tonks-Girardeau gas [30] ) instead of weakly interacting bosons. Although this provides a smooth crossover between the two pairing schemes, it is not satisfactory because there is no single Hamiltonian governing the behavior of the system from Eq. (2.1) with c F 1 to Eq. (2.2) with c B 1. Moreover, the molecule on the BEC side is unbreakable due to the quasi-1D confinement, thus the information of spin excitations is lost.
As advertised in the introduction section, in this paper we consider two-component interacting bosons and fermions with tunable interspecies interactions, which will provide an ideal scenario for one dimensional BCS-BEC crossover without the drawbacks mentioned above. Generally, the tunable interspecies interaction is realized via Feshbach resonances, where atoms are bound into molecules. Exact solutions to models with Feshbach resonances are studied in the literature for onecomponent interacting particles [23, 31] and for noninteracting fermions in the so-called quantum three-wave interaction model [32, 33] . Here we make a further step to two-component interacting systems, where the applicability of Bethe ansatz is obtained by fine-tuning the resonant energies.
We start by introducing the bosonic model, where the resonance can be viewed as a singlet bound state (molecule) of two participating bosons. It is defined by the Hamiltonian: The matrix σ y is the y component of the Pauli matrix σ = (σ x , σ y , σ z ). The introduction of spatial derivatives into the resonant coupling is due to the fact that the spatial part of the bosonic wave function in the singlet channel has odd parity. Also, we have adopted the convention that m ψ = 1/2, and we have left m Π unspecified. In fact, the relation between m Π and m ψ is dictated by Galilean invariance: Under the Galilean transformation
the system will remain unchanged apart from a constant shift, provided we impose the relation that m Π = 2m ψ . Thus we can simply substitute m Π = 1 into Eq. (2.3).
There is one more point that we need to pay attention to, which is the conservation of particle number. This means that the operatorN defined below commutes with the HamiltonianĤ:
The definition ofN takes into account the resonant coupling processes where two bosons with opposite pseudospin transform into one molecule or vice versa. This
The bosonic and fermionic models introduced here can be solved via Bethe ansatz if we fine tune the resonant energies 0 , Ξ , Π , and both of them can be effectively described as a two-component system with intraspecies repulsion and interspecies attraction. By tuning the strength of attraction from vanishingly small toward the strength of repulsion, the system first shows BCS-type pairing behavior, then it develops toward the fermionic super Tonks-Girardeau gas regime, and finally, it turns into the weakly interacting bosons regime and shows BEC-type pairing behavior. Thus we can have a single Hamiltonian governing the whole range of BCS-BEC crossover, and there is no geometric confinement preventing the breaking of bound pairs. What is more, if we tune the strength of attraction beyond repulsion, we will enter into a new regime where the uniform configuration is unstable and the system collapses into a bright soliton. Now let us discuss these interesting physics one by one, starting from the integrability.
B. Integrability
Integrable models with internal degrees of freedom can be solved using the quantum inverse scattering method [24, 25] . The essential point is to construct the two-body S-matrix which fulfills the Yang-Baxter equation. For a time inversion and space inversion invariant and speciesconserving model in free space, the two-body S-matrix in pseudospin subspace {↑, ↓} assumes the following general form: 11) where the relative momentum k = k 2 −k 1 is the difference in momentum between the two scattering particles. The requirement of unitarity
together with the Yang-Baxter equation
then put severe constraints on the S-matrix elements:
(2.14)
As a result, the integrability can be checked by identifying the S-matrix elements in Eq. (2.11) and checking the validity of Eq. (2.14). Then the exact solutions can be explicitly constructed using the algebraic Bethe ansatz [24, 25] , and the resulting Bethe ansatz equations for an eigenstate with M out of N particles placed spin-down are as follows:
where L is the size of the system, the charge rapidities k n , n = 1, 2, · · · , N are the physical momenta, and the spin rapidities Λ α , α = 1, 2, · · · , M are auxiliary parameters (thus the ansatz is also called nested Bethe ansatz). Also in the second set of equations, the upper sign is for bosons, and the lower sign is for fermions. Let us first remind the reader about the Bethe ansatz equations for the Yang-Gaudin model and the LiebLiniger model and then turn to the present models defined in Eqs. (2.3) and (2.7).
The S-matrix elements for the Yang-Gaudin model described in Eq. (2.1) are [24, 25] :
This clearly fulfills the integrability criterion as specified in Eq. (2.14). Then it is straightforward to substitute Eq. (2.16) into Eq. (2.15) to obtain the Bethe ansatz equations: 17) where c F = c F /2 and we have made the conventional shift Λ α → Λ α + ic F . The ground state configuration of this attractive Yang-Gaudin model (with even number of particles) is known to be a Fermi sea of two-string solutions with the structure:
where α = 1, 2, · · · , M with M = N/2, and the Bethe ansatz equations reduce into equations for the center momenta Λ α :
Because the center momenta Λ α in the ground state configuration are all real, we can take the logarithm of the above equations:
where J α s are consecutive integers or half-odd integers depending on:
The phase-shift function θ(Λ − Λ ) is defined as:
In the thermodynamic limit where N → ∞, L → ∞ with fixed density n F = N/L, Eq. (2.20) can be replaced by an integral equation for the density of state
, following Hultén's continualization procedure [34] :
where Q is the Fermi momentum of the ground state, and it is determined by the density n F via the relation:
After solving the above integral equation, the physical quantities of the ground state can then be calculated in terms of the density of states σ(Λ).
The Lieb-Liniger model as described in Eq. (2.2) in fact has simpler structure compared with the Yang-Gaudin model, because it is a single-component model. The resulting ground state configuration with N particles fulfills the Bethe ansatz equations:
where I j s are consecutive integers or half-odd integers depending on:
The corresponding phase-shift function is defined as 27) and the integral equation for the density of states ρ(k) = 1/L(k j+1 − k j ) in the thermodynamic limit is:
Similarly q is the Fermi momentum of the ground state [49] , and it is determined by the density n B = N/L via the relation: 3). It can be intuitively understood as follows: The two-component bosonic atoms denoted byψ live on hyperplanes corresponding to different ordering sectors X, where x X1 < x X2 < · · · < x X N . Without resonant couplings as in the case of the Yang-Gaudin and the Lieb-Liniger model, we only need to require the continuity of wave functions when these hyperplanes intersect. With Feshbach resonances as in our model, the molecules denoted byΠ can be viewed as living on the intersections of the hyperplanes, which play the role of boundary conditions. As a result, we can describe the system with atomic Smatrices, where the molecules only enter as appropriate boundary conditions for the atomic wave functions. Next, we calculate the corresponding S-matrix elements to check the integrability of the present model.
In the triplet channel for ψ-bosons, the Π-boson is not excited, and we have both configuration (↑↑) and (↑↓ + ↓↑)/ √ 2. The two-atom states for them are
By acting the S-matrix in Eq. (2.11) on both wave functions, we obtain 31) which leads to the result that a(k) = b(k) + c(k). Taking into account that the spatial part of the wave functions has even parity, we can make the ansatz for φ(x 1 , x 2 ) = φ tri (x 2 − x 1 ) such that: 
where
In the singlet channel for ψ-bosons, the Π-boson is also excited. The general form of the two-atom state in this case can be expressed as:
Based on symmetry considerations, the following ansatz for φ(x 1 , x 2 ) and Φ(y) is appropriate:
36) where K is the momentum of the mass center and the singlet wave function has odd parity φ sin (x) = sin(kx/2 + δ sin sgnx).
(2.37)
Then the corresponding Schrödinger equation is:
which gives the expression for the S-matrix element in the singlet channel
Equation (2.39) together with Eq. (2.34) give us the expression of matrix elements specified in Eq. (2.11). Substituting them into the requirement in Eq. (2.14), we finally arrive at the following condition for integrability of the present model defined in Eq. (2.3):
This can be achieved by fine tuning the resonant energy 0 . We further introduce new coupling constants c 1 , c 2 as:
such that the S-matrix elements take the simple form
In the case with repulsive intraspecies coupling c 1 > 0, the sign of c 2 is controlled by the resonant energy 0 . The choice c 2 > 0 introduces a interspecies attraction resulting a physical pole in the singlet channel, which is exactly the singlet bound state with binding energy 0 > 0 that we have in mind when proposing the model. Furthermore from Eq. (2.40) we can infer the competition between the two coupling constants:
Above we only considered two-body scatterings defined by the Hamiltonian in Eq. (2.3) and we showed that the model can be made integrable by fine-tuning the resonant energy if only two-body scatterings are important. Strictly speaking, this is not sufficient for the integrability when we consider three-body and four-body scatterings (in particular, the resulting wave functions for the three-atom sector have discontinuities when a Π particle sits right on top of a ψ particle). In another word, the Π-ψ and Π-Π scatterings cannot be factorized into successive two-body scatterings. Practically, at least for relatively small densities of the system, the effect of threebody and four-body scatterings is negligible compared with two-body scatterings, since Π particles live only on the intersections of the hyperplanes and their scatterings are of measure zero. This is in the spirit of the so-called asymptotic Bethe ansatz [18, 23, 31] . It is also possible to save the factorizability by introducing counterterms to the quadratic spectrum, as what has been done for the exact solution to the multichannel Kondo model [35, 36] . Although this recipe can be made local and Galilean invariant, it has the problem of producing a continuum of bound states when the resonance is turned off (that means t = 0), and we don't know what will become of these bound states once the resonance is turned on. Here we disregard all these complexities and use the S-matrix specified in Eq. (2.42) to construct the Bethe ansatz. We believe this captures the essential features of the model as the corresponding Bethe ansatz equations give out physically sensible results. We hope to return to the issue of factorizability and resolve it in a future publication.
Before entering into the standard process of quantum inverse scattering method of solving the bosonic model, we also check the integrability of the fermionic model described in Eq. (2.7) on the two-body scattering level, disregarding the complexities discussed above. Then the same S-matrix elements in Eq. (2.42) are obtained for the fermionic model but with the possibility of c 1 < c 2 . We follow the same procedure as the bosonic case. The corresponding Schrödinger equation in the triplet channel is then
where φ tri (x) = sin(kx/2 + δ tri sgnx) is the spatial part of the triplet wave function and Φ Ξ is the amplitude of the vector resonance wave function. We then obtain the S-matrix element in the triplet channel:
Similarly, in the singlet channel we have the following Schrödinger equation:
where φ sin (x) = cos(kx/2 + δ sin sgnx) is the spatial part of the singlet wave function and Φ Π is the amplitude of the scalar resonance wave function. We then obtain the S-matrix element in the singlet channel:
(2.47) Equation (2.45) together with Eq. (2.47) produce the same S-matrix elements in Eq. (2.42) if the following fine tuning is applied:
and the coupling constants c 1 , c 2 are defined as:
If the scalar resonance is made a singlet bound state with binding energy Π > 0, then we realize the possibility of c 1 < c 2 mentioned above.
Since both the bosonic and fermionic model present the same form of S-matrix elements in Eq. (2.42), we can discuss their exact solutions together by substituting Eq. (2.42) into Eq. (2.15). The resulting algebraic Bethe ansatz equations in the sector where M out of N atoms are placed spin-down are:
where L is the size of the system, c 2 = c 2 /2, j, n = 1, 2, · · · , N and α, β = 1, 2, · · · , M . The conventional shift Λ α → Λ α + ic 2 is introduced. Also the upper sign is for bosons, and the lower sign is for fermions. In the following sections we discuss the two cases with c 1 > c 2 > 0 and c 2 > c 1 > 0 respectively.
In this section, we discuss the present model in the parameter regime c 1 > c 2 > 0, where the ground state is a Fermi sea of the two-atom bound pair. Firstly, we derive the equation for the density of states in the thermodynamic limit, where we analyze its singular behavior due to level condensation and find that the Fermi momentum is bounded from above. Then we discuss the physics of BCS-BEC crossover in the context of the present model, where we find that the extremes of the excitation spectra have robust features and the system develops a collapsing instability in the limit c 2 → c 1 . After that, we discuss the zero temperature phase diagram of the present model with an external magnetic field, of which a considerable part is occupied by the one dimensional analog of the FFLO state. Besides, a critical magnetic field arises due to the presence of the upper bound for the Fermi momentum. This is in contrast to the situation for the Yang-Gaudin model, where an arbitrarily small external magnetic field can polarize the ground state as long as the particle density of the system is large enough.
A. Level Condensation and Limiting Fermi
Momentum Q * Let us start with the system with even number of atoms. Then the ground state is a Fermi sea of twostrings with the same structure as in the Yang-Gaudin model:
where α = 1, 2, · · · , M = N/2 and the Bethe ansatz equations in Eq. (2.50) reduce to the equations for the center momenta Λ α :
Because the center momenta Λ α in the ground state are all real, we can take the logarithm of the above equations:
The phase-shfit function θ(Λ − Λ ) is defined as:
We can see that Eq. (3.5) reduces to Eq. (2.22) in the limit c 2 1 c 1 , and to Eq. (2.27) in the limit 0 < c 1 − c 2 1 c 1 , so the present model has the Yang-Gaudin model and the Lieb-Liniger model as its two limiting models. Also the total energy and momentum of the system can then be expressed as:
(3.6)
In the thermodynamic limit, Eq. (3.3) can be replaced by an integral equation for the density of state σ(
, just like what we discussed previously:
where Q is the Fermi momentum of the ground state, and it is determined by the density n = N/L via the relation:
Also the total energy and momentum of the system in the thermodynamic limit can be expressed using the density of state σ(Λ):
(3.9) For further analysis of Eq. (3.7), it is useful to rescale the parameters with respect to Q:
Correspondingly, the integral equation for the density of states with the rescaled parameters is:
where K(x) expressed in the rescaled parameters is 12) and Eq. (3.8) is equivalent to
By construction, the density of states σ(
in Eq. (3.11) must also be a positive definite operator, with its smallest eigenvalue bigger than 1/(πσ max ), where σ max is the maximum value of σ(x) on the interval
. This is indeed the case in the Lieb-Liniger model and the Yang-Gaudin model for any coupling strength. However, in the present model, the kernel L(x, x ) in Eq. (3.14) is positive definite only for λ > λ
where λ * (ξ) will be found later. Equivalently, Eq. (3.10) yields an upper bound for the Fermi momentum:
Then, the apparent conflict appears: How do we satisfy the conservation of the mass density of the system in Eqs. (3.8) and (3.13) while the Fermi momentum Q is limited by Q * ? Solution of this problem is to have σ(x) → ∞ at n → ∞ while keeping Q * fixed. The only way to have such a result is to require the operator L(x, x ) to have an almost zero mode at λ → λ * + 0:
This phenomenon reminds us the condensation of levels which is characteristic for weakly interacting bosons (see Fig. 1 ).
FIG. 1:
Condensation of levels for weakly interacting bosons in one dimension. Left pane is drawn for strong coupling and right pane is draw for weak coupling.
For a fixed value of ξ and different values of λ, we solve Eq. (3.11) numerically using the modified quadrature method [37] , where the usual quadrature approximation to the integral is modified to give more accurate result for a weakly singular kernel. The critical value λ * (ξ) is determined by the point at which the value of the solution σ(x) to Eq. (3.11) changes from positive to negative. Accordingly, for a fixed value of ξ, the zero mode σ 0 (x) for L λ * (x, x ) can be approximated by the singular part of the solution σ(x) that grows with increasing density n when λ → λ * (ξ) + 0. The numerically determined critical curve λ * (ξ) is shown in Fig. 2 , and it can be fitted by the formula:
17) which has the limiting behavior that λ * (ξ → 0) ≈ 0.88 and λ * (ξ → 1) → ∞. In the latter limit, the upper bound Q * goes to zero and the system develops a collapsing instability which we will discuss in Sec. IV.
The solution σ(x) to Eq. (3.11) at λ → λ * + 0 for several values of ξ is shown in Fig. 3 , and it consists of . We can see that as ξ → 1, λ * → ∞, which means that Q * tends to zero, this implies the instability of the system. a regular and a singular part: 18) where the singular part σ 0 (x) can be viewed as the approximated zero mode defined in Eq. (3.16), thus we use the same symbol for them. can be separated into the regular part σreg(x) and the singular part σ 0 (x), where the latter grows with increasing n and is seen in the figure as the part near x = 0.
In the limit ξ → 1, we can extract the analytical expression for the zero mode from Eq. (3.11). For ξ → 1, we have (1 − ξ)λ * (ξ) → 0 from Eq. (3.17), then K(x − x ) in Eq. (3.12) at λ → λ * + 0 can be approximated as 19) where the symbol P represents the Cauchy principle part. As a result, Eq. (3.11) can be reduced to an equation for the zero mode σ 0 (x):
(3.20)
Using the identity that
the solution σ 0 (x) to Eq. (3.20) can be determined as 22) where the value of λ is then fixed by the normalization condition in Eq. (3.13):
The critical value λ * is given by either the condition that σ 0 (x) 0 or by Eq. (3.23) in the limit n → ∞: 25) where Q = c 1 /λ and Q * = c 1 /λ * . This square root singularity in σ 0 (x) also appears in the Lieb-Liniger model when the coupling constant c B approaches zero from the positive side [1, 38] . Here it appears in the limit ξ → 1 when Q approaches Q * from below. For ξ smaller than 1, the zero mode σ 0 (x) acquires correction to the form in Eq. (3.25) near the boundaries x = ±1 (see Fig. 3 ). Numerical calculation shows that this correction is negligible up to the point ξ = 0.4, so the functional form in Eq. (3.25) provides a good description of the zero mode σ 0 (x) in the range 0.4 < ξ < 1, and we only need to replace the prefactor 2c 1 /(3π) with a positive function F (Q * ) that depends on Q * . Far away from the lower bound λ * , asymptotic behaviors for the density of state σ(x) can be extracted from Eq. (3.11) in the limit λ → ∞ with lim ξ→0 ξλ → 0 and lim ξ→1 (1 − ξ)λ → 0. For ξ → 0, Eq. (3.11) reduces to
which coincides Eq. (2.23) for the Yang-Gaudin model if we rescale the parameters there accordingly. The asymptotic behavior for the solution σ(x) to Eq. (3.26) in the limit ξλ → 0 has already been obtained in literature [39, 40] : [38, 39] :
The two asymptotic behaviors in Eqs. (3.27) and (3.29) will be of use in the next section when we calculate the asymptotic behaviors of physical observables in the BCS and BEC limits of the present model.
B. BCS-BEC Crossover without External Magnetic Field
We will now show that the present model can provide an ideal scenario for BCS-BEC crossover in one dimension, without the drawbacks of simply connecting YangGaudin model with Lieb-Liniger model. The behavior of the system is controlled by two dimensionless coupling constants:
where m ψ n = m ψ N/L is the total mass density of the system with m ψ being the mass of the atom. The ratio between the two dimensionless coupling constants is γ 2 /γ 1 = ξ. We consider the situation that γ 1 1 is kept fixed at a large value and γ 2 is varied such that ξ goes from 0 to 1. In the limit ξ → 0, the dominant term in Eq. (3.5) is:
which coincides with the Yang-Gaudin model (see Eq. (2.22)). Thus the BCS limit can be realized by tuning γ 2 to the limit ξ → 0, where the system is weakly coupled with small dimensionless coupling γ 2 . As we tune the coupling γ 2 larger, the system evolves toward the fermionic super Tonks-Girardeau gas, where the YangGaudin model terminates. If we tune the coupling γ 2 even larger, the system can overcome this strong coupling limit and develop bosonic behaviors. In the limit ξ → 1, the dominant term in Eq. (3.5) is: where γ 1,2 ≡ c 1,2 /n. By tuning γ 2 toward γ 1 , the behavior of the system changes from weakly attractive fermions (nearly fat at the center and sharp increase near the boundary) to fermionic super Tonks-Girardeau gas and finally to weakly interacting bosons (condensation at the center).
which coincides with the Lieb-Liniger model (see Eq. (2.27)). Thus the BEC limit is realized by tuning γ 2 to the limit ξ → 1, where the system is again weakly coupled with small dimensionless coupling δγ = γ 1 − γ 2 . We can see that the present model describes the BCS-BEC crossover in a unified fashion, with a single Hamiltonian governing the evolution.
We first demonstrate the crossover between fermionic and bosonic behaviors by the evolution of density of states σ(x) with varying γ 2 . The asymptotic behaviors of σ(x) in the BCS and BEC limits are shown in Eqs. (3.27) and (3.29) , and a typical result of σ(x) obtained by solving Eq. (3.11) together with Eq. (3.13) numerically is shown in Fig. 4 , where the crossover between flat distribution in BCS limit and level condensation in BEC limit is transparent.
Next, we discuss the ground state properties and low energy excitations of the present model at BCS-BEC crossover respectively.
Ground State Properties and Instability
We analyze the ground state energy and further the compressibility of the system. The ground state energy density and conserved density n of the system can be calculated using the density of states σ(x): 33) and the compressibility κ can be calculated from the energy density using the standard thermodynamic relation:
The asymptotic behaviors of and κ in the BCS (ξ → 0) and BEC (ξ → 1) limits are obtained by substituting Eqs. (3.27) and (3.29) into Eqs. (3.33) and (3.34): For general values of ξ, we numerically solve Eq. (3.11) for the density of states σ(x) and numerically calculate the ground state energy and compressibility. A typical result for the compressibility is shown in Fig. 5 , together with the result for the Yang-Gaudin model for a comparison. From Fig. 5 , we can see that instead of saturating at a finite value as in the Yang-Gaudin model, the compressibility of the system in the present model diverges in the limit ξ → 1, just as shown by the asymptotic behavior in Eq. (3.35) . This means that the system becomes infinitely compressible and the spatially uniform ground state becomes unstable. In the meantime, the upper bound Q * for the Fermi momentum goes to zero in the same limit (see Fig. 2 ). These facts signal a collapsing instability in the system, which we will discuss in the Sec. IV.
Excitations and Robustness of Their Extremes
We analyze the low energy excitations of the present model. There are two types of them, classified according to the spin quantum number -the S = 0 excitations and the S = 1/2 excitations. We first summarize their features and then present the detailed analysis.
The spectrum of the S = 0 excitations in the present model has two branches, one of them is the usual Bogoliubov quasiparticle branch and the other is similar to the type-II branch in the Lieb-Liniger model [2] . Physically, the former can be identified as the particle branch and the latter can be identified as the hole branch (see Fig.  6 ), a classification due to the fact that the structure of the ground state is the same as that of a Fermi system. There are two robust features for the second branch: The maximum energy is achieved at k max = k F = πn/2 and there is a periodicity of 2k F = πn, where k F is the Fermi momentum for the noninteracting Fermi gas. These two features are robust against the variations of the dimensionless coupling strength γ 1 and γ 2 . 
FIG. 6:
A typical spectrum for the S = 0 excitations. There are two branches, one for hole type and one for particle type. At long wavelength, they both reduce to the phonon branch. The maximum of the hole branch is fixed at kmax = k F = πn/2 and there is a periodicity of 2k F = πn in the hole branch.
The spectrum of the S = 1/2 excitations in the present model is similar to that in the Yang-Gaudin model (see Fig. 7 ). It is gapped and also has a robust extreme: The minimum energy is achieved at k min = k F = πn/2, robust against variations of the dimensionless coupling strength γ 1 and γ 2 . This is in sharp contrast to the situation in higher dimensions, where the momentum of the minimum energy can be shifted from k F on the deep BCS side to zero on the deep BEC side [42] . This is also counterintuitive in the sense that there is no conservation law to guarantee this robustness as in the Luttinger theorem, since there is tunneling between atoms and molecules back and forth. The calculation of low energy excitations for exactly solvable models follows a standard procedure [24, 25] . The idea is as follows: The low energy excitations can be excited by various perturbations to the ground state. Since in the thermodynamic limit, the integral equations for the perturbations are linear, we can make a clever choice of linear combinations of the perturbations to give out physical relevant elementary excitations, according to their quantum numbers. Below we carry out this procedure for both S = 0 excitations and S = 1/2 excitations.
As in the Lieb-Liniger model, the S = 0 excitations can be classified into two categories: the hole type and the particle type. For the hole type excitation, a twostring with center momentum |Λ h | < Q is moved to Q. This hole type perturbation introduces a shift in the center momentum of the ground state Λ → Λ + ∆(Λ). We then define a new function ω h (Λ) ≡ σ(Λ)∆(Λ)L, the integral equation for which can be obtained by the usual perturbation theory from Eq. (3.3):
(3.36)
The energy h and momentum k h of the excitation can be expressed in terms of the function ω h (Λ):
(3.37)
For the particle type excitation, a two-string with center momentum Q is moved to Λ p > Q. Similarly we define a function ω p (Λ) and express the energy p and momentum k p through it:
(3.38)
These integral equations and dispersion relations can be generally worked out numerically, and a typical result is shown in Fig. 6 . Just as pointed out at the beginning of this subsection, the features of the S = 0 spectrum are (1) There is a hole branch as well as a particle branch. (2) Both branches are gapless, and at long wavelength they are just phonons with linear dispersion = v c k, where v c is the sound velocity. (3) There are two robust points, the momentum k max = k F of the maximum energy and the periodicity 2k F . In fact, the robustness of the periodicity and k max can be proved from Eqs. (3.3) and (3.6) in the thermodynamic limit. Firstly, the periodicity is fixed by the translational invariance: If we shift each Λ with the same amount π/L, then this operation will change the total energy by the amount N L −2 → 0, while it will change the total momentum by the amount (N/2)(2π/L) = πn. Secondly, the momentum k max is fixed by the reflection invariance: If we replace each Λ with π/L − Λ, then this operation will also change the total energy by the amount N L −2 → 0, such that the spectrum has a reflection symmetry about the total momentum πn/2.
After we obtain the spectrum of the S = 0 excitations, we calculate the sound velocity by linearizing the dispersion (k) in the long wavelength limit k → 0. Since in the BCS (ξ → 0) and BEC (ξ → 1) limits the present model reduces to the Yang-Gaudin model and the LiebLiniger model respectively (see Eqs. (3.26) and (3.28)), the asymptotic behavior of the sound velocity in these two limits can be obtained using the results for the latter two models in the weak coupling limit [2, 28, 41] : 39) where v F = πn is the Fermi velocity for the noninteracting Fermi gas. The sound velocity for general values of ξ is numerically calculated and presented in Fig. 8 . We can see that the sound velocity is monotonously decreasing with ξ, as the system goes from the BCS (ξ → 0) limit to the BEC (ξ → 1) limit. Also the vanishing of sound velocity in the limit ξ → 1 is consistent with the divergence of compressibility in the same limit. This is in sharp contrast to the Yang-Gaudin model, where the system can never reach the weakly interacting BEC limit. Let us turn to the analysis of the gapped S = 1/2 excitations. Unlike the S = 0 excitations, the lowest spin excited state is a triplet state, described by the continuum of two S = 1/2 excitations and one S = 0 hole excitation. In this triplet state, we break a two-string with center momentum |Λ h | < Q and add two unpaired atoms with momentum k 1,2 into the system. The corresponding function ω tri (Λ) satisfies the following integral equation: 40) where the newly defined phase-shift function θ s (Λ − k) corresponds to the scattering between a molecule and an unpaired atom:
The extra term 1/2 on the righthand side of Eq. (3.40) comes from the fact that the J α in Eq. (3.3) will change from integer to half-odd integer (or from half-odd integer to integer) if an odd number of two-strings or an odd number of unpaired atoms is added into the system (see Fig. 9 ). The energy tri and momentum k tri can be once again expressed using the function ω tri (Λ):
2 ,
(3.42)
FIG. 9:
The schematic picture for the distribution of the roots k. For two-strings with center momentum Λα, the two roots k α,1 and k α,2 are separated by a distance c 2 along the imaginary axis. For unpaired atoms, the roots lie on the real axis. We can see that when a single two-string or a single unpaired atom is added into the system, the Jα in Eq. (3.3) will be shifted by half of unity.
As we discussed before, Eqs. (3.40) and (3.42) are all linear, and this triplet state in fact includes three elementary excitations -one hole type S = 0 excitation and two S = 1/2 excitations. By subtracting the S = 0 component, we are left with the sum of two S = 1/2 components. There are two ways to define the single S = 1/2 excitations (we denote them with subscript s), both are physically relevant:
The corresponding expressions for energies and momenta are:
(1)
For the first definition, we remove a two-string and add an unpaired atom, so the net result corresponds to subtraction of one atom. For the second definition, we only add an unpaired atom (the extra term 1/2 in the equation for ω see Fig. 9 ), so it corresponds to addition of one atom. Both of them change the number of atoms by one, thus we need to shift their energies by the chemical potential µ, such that the minimum of the two spectra coincides to ensure the particle-hole symmetry of the S = 1/2 excitations. Solving the above sets of integral equations numerically we will obtain the spectrum for the S = 1/2 excitations. Typical results are shown in Fig. 10 , where the notable features are: (1) The S = 1/2 excitations have their lowest energy at momentum k min = k F , robust against variations of the dimensionless coupling strength γ 1 and γ 2 . (2) The S = 1/2 excitations are gapped, where the gap ∆(ξ) grows with increasing ξ (see Fig. 11 for ∆(ξ) with general values of ξ). (3) In the limit ξ → 0, the spectrum is of BCS type, where a small region of quadratic dispersion is followed by an intermediate region of linear dispersion, before the dispersion reaches another quadratic region of large momentum. (4) In the limit ξ → 1, the spectrum is of BEC type, where the dispersion is quadratic all the way.
The robustness of k min can be verified analytically. For addition of one atom, we can determine the lowest energy configuration by the following condition:
This can by solved by variation of the function ω
s with respect to parameter k, and the result is quite simple: k min = 0. Now we can calculate the corresponding momentum by substitute k = 0 into Eqs. (3.43) and (3.44):
s (Λ ).
(3.46)
The second term −θ s (Λ)/2π on righthand side of Eq. (3.46) is odd in Λ, which has no contribution to the momentum k
s , thus we have an alternative expression for k (2) s :
This alternative functionω s (Λ) fulfills the same integral equation as the density of states σ(Λ), if we make a simple change of the constant inhomogeneous term (see Eq. (3.7)). As a result we have:
48) which means that the minimum of the S = 1/2 spectrum resides at k (2) s = πn/2 = k F in the case of addition of one atom.
Usually, the fixed momentum k F appears in the context of Luttinger theorem, which contributes the robustness even in presence of interactions to the conservation of the particle number. In contrast, our result that the minimum of the S = 1/2 spectrum is fixed at momentum k F is somewhat surprising, in the sense that the non-conserving nature of the operatorN ψ ≡ dxψ †ψ (see Eqs. (2.5) and (2.8)) would in principle lead to a changing minimum position in momentum. In fact, the robustness discussed here is due to a special feature of the one dimensional system that the quasiparticle excitation is not stable with respect to soliton formation. Since the full explanation requires a comprehensive semiclassical analysis, which is already beyond the context of the present paper, we will defer it to a later publication [43] . Now we discuss the asymptotic behaviors of the S = 1/2 excitations in the BCS (ξ → 0) and BEC (ξ → 1) limits. In the BCS limit, the present model reduces to the Yang-Gaudin model (see Eq. (3.26)), where the asymptotic behaviors of the spin gap ∆ and the dispersion s (k) near its minimum have already been obtained in the literature in the weak coupling limit [41] :
(3.49)
We can see that these results are consistent with the conventional BCS mean field results. In the BEC limit, the present model reduces to the Lieb-Liniger model with weak dimensionless coupling δγ = γ 1 − γ 2 → 0. In this limit we have c 2 ≈ c 1 1, which makes the second term on the righthand side of Eq. (3.43) for ω (2) s (Λ) negligible compared with the first term. As a result, we have ω (2) (Λ) = πσ(Λ)/2 in the leading approximation, obtained by comparing Eq. (3.43) for ω (2) (Λ) and Eq. (3.11) for σ(Λ). Then the asymptotic behaviors of the spin gap ∆ and the dispersion s (k) near its minimum can be obtained from Eq. (3.44) using Eq. (3.29) for σ(Λ) in the limit ξ → 1: 50) where the leading term for the spin gap is just the binding energy for the two-strings and the dispersion reduces to free particle form near the minimum of the spectrum. These results are consistent with the usual physical picture of the BEC limit.
Since the presence of the upper bound Q * for the Fermi momentum has no effect on the low energy excitation spectra, this completes our investigation of the present model in the context of BCS-BEC crossover.
C. Phase Diagram in Presence of External Magnetic Field
Without an external magnetic field, the ground state of the present model is a Fermi sea of two-strings. By applying external magnetic field above certain threshold depending on the density n = N/L, we can polarize the system. Then the ground state will be either fully polarized or mixed with both two-strings and polarized atoms. By varying the magnetic field H and the density n, we can explore the phase diagram at zero temperature and observe quantum phase transitions between three different phases: the fully paired ground state (P), the fully polarized ground state (FP) and the partially polarized ground state (PP). This kind of analysis has already been done for the Yang-Gaudin model in the literature [44] [45] [46] [47] . It is pointed out that the PP phase is gapless, and the power-law decay of the pair correlation
α is accompanied by a spatial oscillation. The wave vector of this oscillation was numerically found to depend on the mismatch of the Fermi points k FFLO π(n ↑ − n ↓ ). Thus the PP phase serves as the one dimensional analog of the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state, and it provides an ideal place to find and explore the superfluid phase with inhomogeneity.
In this section, we calculate the zero temperature phase diagram of the present model. For technical convenience, we start from the grand canonical ensemble, where the chemical potential µ is introduced as an auxiliary param-eter to establish the phase boundaries in the H −n space. Also for definiteness, we choose the case H 0.
We introduce two density of states, one for the unpaired atoms, which is denoted as ρ(k) and one for the molecules, which is denoted as σ(Λ). Then we have
where m ψ (n ↑ + n ↓ ) is the total mass density, (n ↑ − n ↓ ) is the total spin density, q is the Fermi momentum of the unpaired atoms and Q is the Fermi momentum of the molecules. Following the same procedure as that in deriving Eq. (3.7) , we obtain the coupled equations for the two density of statess:
where the phase-shift functions θ(Λ − Λ ) and θ s (Λ − k) are defined in Eqs. (3.5) and (3.41) respectively, and the new phase-shift function
corresponds to the scattering between two unpaired atoms with the same spin direction. The ground state energy density of the system is then
(3.54)
Performing variation of with respect to σ(Λ) and ρ(k) under the constraint in Eq. (3.51) and making use of Eq. (3.52), we obtain
where the chemical potential µ and the reduced magnetic field h = H/2 are the two Lagrange multipliers. The two introduced functions u (k) and b (Λ) are referred to as the dressed energy functions for the unpaired atoms and molecules respectively [46, 48] . The dressed energy function is introduced in the grand canonical ensemble such that it gives out negative value when the momentum is within the Fermi sea and positive value when the momentum is outside the Fermi sea. Equivalently, we have the condition that
In terms of the dressed energies, the zero temperature phase diagram can be calculated as follows. The boundary from fully polarized to partially polarized ground state is determined by the condition
Then the phase boundary FP-PP can be obtained as the solution n = n 1 (h) to the coupled integral equations:
(3.58)
The boundary from fully paired to partially polarized ground state is determined by the condition
Then the phase boundary P-PP can be obtained as the solution n = n 2 (h) to the coupled integral equations:
(3.60)
The functions n 1 (h) and n 2 (h) cannot be expressed in closed forms, they can only be obtained by directly dealing with the corresponding coupled integral equations, generally through numerical calculations. Typical phase diagrams are presented in Fig. 12 , where n and h are The critical magnetic field can be shown to come about due to the presence of upper bound Q * on the Fermi momentum of the system. For fixed c 1 and c 2 , when we increase the chemical potential or the mass density, we will finally get close to the upper bound Q * . In the range 0.4 < ξ < 1, the density of states σ(x) is then dominated by square root singular term σ 0 (x) in Eq. (3.22) . We then use it together with Eq. (3.33) to calculate the leading order contribution to the energy density ≡ E/L when Q approaches Q * from below:
where ξ = c 2 /c 1 , λ * = c 1 /Q * , and the relation between λ * and ξ can be read off from Eq. (3.17) or Fig. 2 . This shows that the leading order contribution to the energy density is linear in n = N/L:
For fixed number of particles n = n ↑ + n ↓ with small varying polarization δn = n ↑ − n ↓ , the energy of the system can be expressed as
When ξ is small, the coefficient B(ξ) is positive, which means that an infinitesimal magnetic field will polarize the system as long as the mass density of the system is large enough, and there is no critical magnetic field h c . When ξ goes to 1, λ * tends to diverge, then we have B(ξ) < 0, which means that we need a finite strength of magnetic field h c = −B(ξ) to polarize the system. The critical ξ * is then determined by
The value of ξ * falls in the range 0.4 < ξ < 1, so the usage of the square root singular form in Eq. (3.22) for the density of states when Q approaches Q * from below is justified.
As a result, we have h c = 0 for ξ < ξ * and h c = −B(ξ) for ξ > ξ * . If we approach the critical value ξ * from above, the critical magnetic field will display the following critical behavior:
where the critical exponent α h can be calculated from the functional form of B(ξ) with the result α h = 1. This result comes from the fact that the system can be viewed as a collection of noninteracting particles in the leading approximation according to Eq. (3.62). Since Eq. (3.62) is obtained by keeping only the singular part σ 0 (x) from the density of states σ(x) = σ reg (x) + σ 0 (x), the interaction effect comes from the regular part σ reg (x), which produces a higher order correction to the result α h = 1.
IV. BRIGHT SOLITONS WITH c1 < c2
In the previous section, we have touched the issue that a collapsing instability appears when we tune c 2 close to c 1 , see Figs. (2), (5) and (8) . In this section, we focus on the regime 0 < c 1 < c 2 , the instability discussed in the previous section implies we would have a collapsing solution in this regime for fermionic atoms (see Eq. (2.49)). This counterintuitive result is due to the fact that the fermionic atoms are tightly bound into bosonic molecules with residual attraction before collapsing. In this section, we confirm this claim. Firstly we still make the two-string ansatz like that in Eq. (3.1) 
where we have omitted other factors which have no effect on the subsequent derivations [50] . Now Eq. (4.3) has the same form as that appearing in the attractive Lieb-Liniger model, whose ground state is a single string solution encompassing all particles [1, 24] . Subsequently, unlike the uniform regime, we now have a single M -string solution for center momentum Λ α :
where u is a real number and α = 1, 2, · · · , M = N/2. We now have an embedded string solution of the following structure k α,1 = Λ α + ic 2 , k α,2 = Λ α − ic 2 , Λ α = u + ic 3 (M + 1 − 2α), (4.5) where the label α runs from 1 to M = N/2. The physical picture of this embedded string solution is a bound state encompassing all particles: Firstly, atoms with opposite spins are bound into molecules, then the molecules are bound together as a single bright soliton due to the residual attraction (see Fig. 13 ).
FIG. 13:
The embedded string solution. The two-string (the one in the enlarged circle) with inter-root separation c 2 is embedded in the M -string with inter-root separation c 3 = c 2 − c 1 .
The above physical picture can be better understood by writing down the corresponding wave functions directly. This can be done through the nested coordinate Bethe ansatz:
ΨX (σ1, x1; · · · ; σN , xN ) = P ∈S N [X, P ] exp i N j=1 kP j xX j , [X, P ] = sgn(X)sgn(P )Aσ X 1 σ X 2 ···σ X N (kP 1 , kP 2 , · · · , kP N ), (4.6) where σ i =↑, ↓ denotes the spin directions, X denotes the ordering sector with x X1 < x X2 < · · · < x X N and P denotes the permutation among the wave numbers. The sign function equals 1 for even permutations and -1 for odd permutations. For M down-spins sitting at integer positions 1 y 1 < y 2 < · · · < y M N , we denote the function A σ X 1 ···σ X N (k P1 , · · · , k P N ) as A P (y 1 , y 2 , · · · , y M ). This function is obtained by generalizing the result for the Yang-Gaudin model [15, 16] from a single coupling constant c F to two coupling constants c 1 and c 2 : where we have set u = 0 for simplicity. The expression for other ordering sectors then follows from symmetry of the system. Through the explicit wave function, the physical picture of the embedded string solution is transparent, where the exponential decay on the length scale of 1/c 2 represents the molecule structure and the exponential decay on the length scale of 1/c 3 binds all the M molecules together.
V. CONCLUSION
In this paper, we introduced models of two-component bosons and fermions with tunable inter-species interactions in one dimension, which is subject to exact solutions by Bethe ansatz upon fine-tuning. The tunable interactions are realized by Feshbach resonances of two antiparallel pseudospins. The N atoms in this model can be imagined to live on hyperplanes corresponding to different ordering sectors X : x X1 < x X2 , < · · · < x X N . Without reaction that converts atoms and molecules back and forth, we only need to require the continuity of wave function when hyperplanes intersect. With Feshbach resonances, the molecules can be viewed as living on the intersections of the hyperplanes, which play the role of the boundary conditions. The resulting Bethe ansatz equations admit two types of ground state solutions, depending on the relation between the two coupling constants c 1 , c 2 . In the regime c 1 > c 2 , the ground state is a Fermi sea of two-strings, where the Fermi wave vector Q is under constraint: there is a limiting Q * which Q cannot exceed, and near Q * the distribution of the center momentum presents a square root singularity. As c 2 approach c 1 from below we come close to a diverging compressibility, which leads us into the other regime c 2 > c 1 with a single N particle bound state for the ground state. In the Bethe approach, this bound state reveals itself as an embedded string solution. Our model is experimentally accessible by using two hyperfine states of 87 Rb quantum gases with tunable couplings via Feshbach resonance. Furthermore, the uniform regime c 1 > c 2 provides a new scenario for investigating the physics of BCS-BEC crossover, where the system is governed by a single Hamiltonian and the behavior of the spin excitations is accessible along the whole range of the crossover. Also, we have explored the zero temperature phase diagram in presence of external magnetic field, where a critical magnetic field below which the ground state cannot be polarized is caused by the presence of the upper bound Q * for the Fermi momentum.
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